Abstract This paper presents a formulation for incorporating nonlinear viscoelastic bushing elements into multibody systems. The formulation is based on the assumption that the relaxation function can be expressed as a sum of functions which are nonlinear in deformation and exponentially decreasing in time. These forces can represent elastomeric mounts or bushings in automotive suspension systems. The numerical implementation of the nonlinear viscoelastic bushing model into a general purpose rigid multibody dynamics code is described, and an extension of the formulation is also presented wherein component flexibility is included. Model validation was performed by comparing experimental data to simulation results obtained using the nonlinear viscoelastic model and a nonlinear elastic model. The experimental data were obtained at the Center's facilities by testing an automotive lower control arm/bnshing system, subjected to a simulated road load event. The comparison demonstrates the better load prediction capability of the viscoelastic bushing model compared to the conventional model.
Introduction
The use of multibody dynamics analysis (MDA) as a viable tool in computer-aided engineering has received wide acceptance in many engineering and manufacturing industries, especially in the automative industry. The recognition of the potential of MDA as a CAE tool is due to tremendous strides in the development of this field of study as evidenced by the large number of publications on the subject during the last decade. Recent developments in this field cover a wide range of issues including the choice of coordinates which describe the dynamic system (Unda, Garcia, Losantos, Esperantza 1987), the choice of methods for the formulation of the equations of motion Communicated by S. N. Atluri, 90ctober 1995 R. Ledesma (Bayo and Avello 1994), the development of algorithms for the efficient numerical solution of the equations of motion (Bayo and Ledesma 1994; Park and Chiou 1993) , the modeling of material properties and mechanical constraints (Xie and Amirouche 1994; Ambrosio and Nikravesh 1992) , the proper modeling of component flexibility (Wallrapp and Schwertassek 1991; Baneriee 1993; Ryu and Kim 1994; Boutaghou, Erdman, Stolarski 1992) , among others. The unifying objective of these developments is to enhance the ability of multibody dynamics simulation to predict the actual behavior of the dynamic system that is being modeled. The ultimate goal is to have a general-purpose multibody dynamics code that can predict the behavior of a dynamic system during the design stage so that the performance of the system can be evaluated before expensive prototypes are built.
This paper describes developing a proper model of bushing forces between suspension system components. The study was motivated by engineers at Ford Motor Company whose experience have led them to conclude that modeling bushing forces in automotive suspension systems plays an important role in predicting the dynamic behavior of the suspension system. The choice of the bushing model is especially crucial in predicting loads that act on the suspension system components which are supported by bushings. Accurate prediction of the dynamic loads acting on the suspension system components is important because these loads feed directly into the fatigue life prediction of the components. Considering the modeling of bushing forces in the multibody dynamics codes, the present state-of-the-art is to model the bushing forces as a Kelvin solid which is represented by a spring in parallel with a viscous damper. The spring force is a nonlinear function of the instantaneous deformation of the bushing and the viscous damping force is a linear function of the instantaneous relative velocity of the two components that are connected by the bushing. One main drawback of this approach is that the nonlinear elastic bushing model provides a dynamic response in which the energy dissipation is a linear function of the excitation frequency. Hence, the nonlinear elastic bushing model will damp out the high frequency content of the dynamic response and will, in general, capture the correct energy dissipation characteristic of the material at only one particular excitation frequency. Experimental results indicate that bushings, which are made of elastomeric material, exhibit a deformation history-dependent behavior that can be characterized as one with 'fading memory'. These results suggest that the bushing response fits nicely into the theory of nonlinear viscoelasticity. The history-dependent, nonlinear viscoelastic force model for the bushing force is characterized by a convolution integral where the kerne] is a series ofexponential z87 functions which can capture the 'fading memory' characteristic of the polymeric material in the bushing 9
Previous studies on the dynamic analysis of structnres containing viscoelastic material have been reported in the literature (Holzlohner 1974; Yamada, Takabatake, Sato 1974; Johnoson and Kienholz 1982; Morman and Nagtegaal 1983; Bagley and Torvik 1985; Golla and Hughes 1985; Xie, Roystre, Ciskowski 1989; Gaul and Chen 1993; Yi and Hilton 1994) . Most of these studies deal with the viscoelastic behavior at the material level and use finite elements or boundary elements to build up the viscoelastic structure and subsequently determine the dynamic response either through the frequency domain or Laplace domain, or through a time domain realization of the equations of motion in the Laplace domain. Because of the use of the finite element method or the boundary element method to model the viscoelastic structure, all of the aforementioned studies require expensive calculations and are n o t suitable for the dynamics of multibody systems which are made up of several rigid, elastic, or viscoelastic components. A notable exception is the work by Gaul and Chen (1993) who used the boundary element method to develop a relation between 12 stress resultants and 12 deformation variables which represent an elastomeric mount in a multibody system 9 That study, however, was limited to linear viscoelastic behavior so that the correspondence principle could be used to replace the elastic isotropic material behavior with the corresponding viscoelastic constitutive equations. In contrast, the present study efficiently captures the nonlinear viscoelastic behavior by characterizing the behavior of the elastomeric bushing n o t at the material level, hut rather, at the component level where stress resultants are expressed as nonlinear functions of the deformation variables. This approach bypasses expensive finite element or boundary element calculations, so that the method can be readily applied to multibody system dynamics simulation (at the expense, however, of some predictive capabilities).
The paper is structured as follows. We describe the formulation of the bushing forces as nonlinear viscoelastic force elements in multibody systems and the numerical implementation of the formulation into the general-purpose multibody dynamics code ADAMS (Mechanical Dynamics, Inc.). The verification of the formulation and code implementation was performed by building a simple multibody system at the Center's test facility and comparing simulation results with experimental data. The simple multibody system consists of an automotive suspension system component which is supported by bnshings and subjected to prescribed dynamic loads and boundary conditions. The proposed nonlinear viscoelastic bushing model is also compared with the conventional nonlinear elastic bushing model. Comparison between the two bushing models shows that the nonlinear viscoelastic bushing model more accurately correlates with the experimental results.
Formulation of the equations of motion
The proposed bushing model takes the form of a set of uncoupled nonlinear viscoelastic force elements 9 In the context of multibody dynamics, these nonlinear viscoelastic forces are treated as massless nonlinear force elements that act between two parts or bodies which are connected by a bushing. The formulation and implementation of these massless nonlinear viscoelastic force elements can be best explained by first looking at the equations of motion for a constrained set of rigid'bodies, and subsequenfly determining how the bushing forces enter into the equations of motion.
Consider a simple rigid multibody system consisting of two bodies, i and j, which are subject to mechanical constraints. The equations of motion for the rigid multibody system may be written in the following descriptor form:
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In Eqs. (1) and (2), the generalized coordinates (R, 0) refer to the rigid body translation and rigid body orientation, respectively. The rigid body coordinates describe the position and orientation of the body-fixed frames attached to each part or body in the multibody system, as shown in Fig. 1 . Also in Eq.
(1), mRa and m00 are the mass matrices associated with the translational mass and rotational inertia of the rigid body, respectively, and mR0 is the inertial coupling between the rigid body translation and rigid body rotation. The force vector Q is the generalized force due to external forces, and the force vector F is the generalized force due to quadratic velocity terms including centrifugal forces. The matrix [~" ~e] is the constraint Jacobian matrix, and the vector k is the vector of Lagrange multipliers associated with the constraints. The equations of motion, Eqs.
(1) and (2), form a set of differential algebraic equations (DAE's) which are, in general, numerically more difficult to solve than ordinary differential equations (ODE's). Now consider the two bodies i andj to be connected to each other by a bushing whose attachment points are located at point P~ on body i and point P: o n bodyj as shown in Fig. 1 . Ifthe bushing forces are treated as massless force elements acting between bodies i and j, the only way that these force elements can enter the equations of motion is through the generalized force vector Q by treating the bushing forces as external forces applied to the bodies which are connected by a 
